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PARTITIONING SETS OF QUADRUPLES INTO 
DESIGNS I 
Martin J. SHARRY and Anne PENFOLD STREET 
Dept. of Mathematics, University of Queensland, St. Lucia, Queensland 4067, Australia, and 
Dept. of Mathematics, University of Canterbury, Christchurch 1, New Zealand 
To Professor Haim Hanani on his seventy-fifth birthday. 
All of the non-isomorphic ways of partitioning the collection of all the quadruples chosen 
from a set of eight elements into five disjoint 2-(8,4,3) designs are determined. 
1. Introduction 
Many versions of the following question have been considered in com- 
binatorics: how may a specified family of subsets, chosen from a given set, be 
partitioned in some “nice” way? Recent work on this topic includes, for instance, 
that of Harms et al. [l], Hartman [2], Kramer et al. [3], Teirlinck [8] and the 
authors [7]. 
A t-design based on a set, X, of 21 elements is a collection of k-subsets (blocks) 
chosen from X in such a way that each unordered f-subset of X occurs in precisely 
A. of the blocks. Such a design has parameters t-(v, k, A). Two t-(v, k, A) designs 
based on the same set X are said to be disjoint if and only if they have no block in 
common. If the set of all the (y) k-subsets chosen from X can be partitioned into 
mutually disjoint t-(v, k, A) designs, then these designs are said to form a large 
set. Here we partition the set of all (f) 4-subsets (quadruples) of the set 
X=(1,2,..., S} and prove the following result. 
Theorem. The set of all the quadruples chosen from an g-set can be partitioned 
into a large set of 2-(8, 4, 3) designs in precisely 26 non-isomorphic ways. 
The large sets are given in Table 3. An automorphism of a large set is a 
permutation of the elements of the underlying v-set which preserves the partition 
of the collection of blocks into designs. The full automorphism groups of the large 
sets, and the types of the designs occurring in each, are given in Table 4. 
2. The designs 
There are four isomorphism classes of 2-(8,4,3) designs, as determined by 
Nandi [6]. We refer to them as Q, R, S, T, according to whether they contain 7, 
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Table 1. 2-(8,4,3) designs of types Q, R, S, T. 
(Note: Type Q is also a 3-(8,4,1) design.) 
p : 1234 1256 1278 1357 1368 1458 1467 2358 2367 2457 2468 3456 3478 5678 
T :1234 1235 1267 1368 1456 1478 1578 2378 2457 2468 2568 3458 3467 3567 
.j : 1234 1235 1267 1368 1456 1478 1578 2378 2458 2467 2568 3457 3468 3567 
t : 1234 1235 1267 1368 1457 1468 1578 2378 2458 2467 2568 3456 3478 3567 
Table 2. Automorphism groups, and their orbits, for the designs given in Table 1. 
Design Group order Group generators Orbits 
Q 1344 (56)(78), (34)(78), (12)(78), 1, 2, 3, 4, 5, 6, 7, 8 
(57)(68), (23)(67), (34)(56) 
T 48 (23)(78), (12)(67), (45), (2i)(38) 1, 2, 3, 6, 7, 8; 4, 5 
.s 12 (23)(78),(28)(37),(156)(387) 1,5,6;2,3,7,8;4 
t 21 (1273685)) (123)( 678) 1,2,3,5,6,7,8;4 
3, 1, 0 paris of complementary blocks respectively. Q is a 3-(8,4,1) design. Table 
3 lists designs of each type; Table 2 gives the full automorphism groups of designs 
q, r, s, t, of types Q, R, S, T respectively. 
If we take the seven blocks of q which contain i, and delete i from each of 
them, the remaining seven triples form a 2-(7,3, 1) design for each i = 
1, 2, . . . ) 8. This is the derived design with respect to i. The same procedure 
applied to r gives 2-(7,3, 1) designs for two values of i, namely i = 4 and i = 5. 
Applied to s, or to t, it gives a 2-(7,3, 1) design only for i = 4. 
3. The partitions 
Suppose that the (4”) quadruples chosen from X = { 1, 2, . . . , S} are partitioned 
into a large set of 2-(8,4,3) designs. If two of these 2-(8,4,3) designs are of type 
Q, then, for at least one value of i, the derived designs include three disjoint 
2-(7,3, 1) designs on the same 7-set. This is impossible (see [4]) so at most one 
design of type Q can occur in a large set. 
Suppose that a large set does contain one design of type Q. Backtrack search 
shows that the remaining four designs in the large set must all be of type S, and 
that these large sets have automorphism groups of orders 3, 4, or 12. Further, if 
we fix the design of type Q to be q, as given in Table 1, then we find 896 such 
large sets, of which 112 have a group of order 12, 336 have a group of order 4, 
and 448 have a group of order 3. On the other hand, if we fix one of the designs 
of type S to be s, as given in Table 1, then we find 32 such large sets, of which 4 
have a group of order 12, 12 have a group of order 4, and 16 have group of order 
3. These numbers provide a cross-check in the following way. 
Using an isomorphism testing program of McKay [5], and direct computation 
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Table 3. The 26 non-isomorphic partitions of (j) quadruples into 5 X 2-(8,4,3) designs. 
1 : 1234 1256 1278 1357 1368 1458 1467 2358 2367 2457 2468 3456 3478 5678 
1235 1236 1247 1348 1456 1578 1678 2378 2458 2467 2568 3457 3468 3567 
1237 1245 1268 1346 1358 1478 1567 2345 2368 2478 2567 3467 3578 4568 
1238 1248 1267 1347 1356 1457 1568 2346 2357 2456 2578 3458 3678 4678 
1246 1257 1258 1345 1367 1378 1468 2347 2348 2356 2678 3568 4567 4578 
2 : 1234 1256 1278 1357 1368 1458 1467 2358 2367 2457 2468 3456 3478 5678 
1235 1236 1247 1348 1456 1578 1678 2378 2458 2467 2568 3457 3468 3567 
1237 1245 1268 1346 1358 1478 1567 2348 2357 2456 2678 3467 3568 457X 
1238 1258 1267 1347 1356 1457 14G8 2345 2346 2478 2567 3578 3678 4568 
1246 1248 1257 1345 1367 1378 1568 2347 2356 2368 2578 3458 4567 4678 
3 : 1234 1256 1278 1357 1368 1458 1467 2358 2367 2457 24G8 3456 3478 5678 
1235 1236 1247 1348 1456 1578 1678 2378 2458 2467 2568 3457 3468 3567 
1237 1246 1258 1345 1378 1468 1567 2345 2368 2478 2567 3467 3568 4578 
1238 1248 1267 1347 1356 1457 1568 2346 2357 2456 2578 3458 3678 4678 
1245 1257 1268 1346 1358 1367 1478 2347 2348 2356 2678 3578 4567 4568 
4 : 1234 1235 1267 1368 1456 1478 1578 2378 2457 2468 2568 3458 3467 3567 
1236 1245 1248 1347 1358 1567 1678 2357 2368 2467 2578 3456 3478 4568 
1237 1246 1258 1348 13G7 1457 It68 2345 2356 2478 2678 3468 3578 4507 
1238 1256 1278 1345 1357 1467 1468 2346 2347 2458 2567 3fG8 3678 4578 
1247 1257 1268 1346 1356 1378 1458 2348 2358 23Gi 2456 3457 4678 5678 
5 : 1234 1235 1267 1368 1456 1478 1578 2378 2457 2468 2568 3458 3467 3567 
1236 1245 1248 1347 1358 1567 1678 2357 2368 2467 2578 3456 3478 4568 
1237 1246 1278 1348 1356 1457 1568 2346 2358 2458 2567 3457 3678 4678 
1238 1257 1268 1345 1367 1458 14G7 2347 2356 2456 2478 3468 3578 5678 
1247 1256 1258 1346 1357 1378 1468 2345 2348 2367 2678 3568 4567 4578 
6 : 1234 1235 1267 13G8 1456 1478 1578 2378 2457 2468 2568 3458 3467 3567 
1236 1245 1248 1347 1358 1567 1678 2357 2368 2467 2578 3456 3478 4568 
1237 1257 1268 1348 135F 1458 14G7 2346 2358 2456 2478 3457 3678 5678 
1238 1246 1278 1345 1367 1457 1568 2347 2356 2458 2567 3468 3578 4678 
1247 1256 1258 1346 1357 1378 1488 2345 2348 2367 2678 3568 4567 45i8 
7 : 1234 1235 1267 1368 1456 1478 1578 2378 2457 2468 2568 3458 3467 3567 
1236 1245 1248 1347 1378 1567 15G8 235i 2358 2467 2678 3456 3468 4578 
1237 1267 1268 1346 1358 1458 1467 2348 2356 2466 2478 3457 3678 5678 
1238 1247 1256 1345 1357 14ti8 1678 2346 2367 2458 2578 3478 3568 4567 
1246 1258 1278 1348 1356 1367 1457 2345 2347 2368 256’i 3578 4568 4tii8 
8 : 1234 1235 1267 1368 1456 1478 1578 2378 2457 2468 2568 3458 3467 3567 
1236 1245 1248 1347 1378 1567 1568 2357 2358 2467 2678 3456 3468 4578 
1237 1257 1268 1346 1358 1458 1467 2348 2356 2456 2478 3457 3678 5678 
1238 1256 1278 1345 1367 1457 1468 2346 2347 2458 2567 3568 3578 4678 
1246 1247 1258 1348 1356 1357 lG78 2345 2367 2368 2578 3478 4567 4568 
9 : 1234 1235 1267 1368 1456 1478 1578 2378 2457 2468 2568 3458 3467 3567 
1236 1245 1248 1357 1358 1467 1078 2347 2368 2567 2578 3456 3478 4568 
1237 1256 1258 1348 1367 1457 1468 2345 2346 2478 2678 3568 3578 4567 
1238 1246 1278 1345 1347 1567 1568 2356 2357 2458 2467 3468 3678 4578 
1247 1257 1268 1346 1356 1378 1458 2348 2358 2367 2456 3457 4678 5678 
IO : 1234 1235 1267 1368 1456 1478 1578 2378 2457 2468 2568 3458 3467 3567 
1236 1245 1248 1357 1358 1467 lG78 2347 2368 2567 2578 3456 3478 4568 
1237 1256 1278 1348 1356 1457 1468 2346 2358 2458 2467 3457 3678 5678 
1238 1246 1257 1347 1367 1458 1568 2345 2356 2478 26i8 3468 3578 4567 
1247 1258 1268 1345 1346 1378 1567 2348 2357 2367 2456 3568 4578 4678 
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Table 3 (continued). 
11 : 1234 1235 1267 1368 1456 1478 1578 2378 2457 2468 2568 3458 3467 3567 
1236 1245 1248 1357 1358 1467 1678 2347 2368 2567 2578 3456 3478 4568 
1237 1256 1278 1348 1356 1457 1468 2346 2358 2458 2467 3457 3678 5678 
1238 1257 1268 1346 1347 1458 1567 2345 2367 2456 2478 3568 3578 4678 
1246 1247 1258 1345 1367 1378 1568 2348 2356 2357 2678 346845674578 
12 : 1234 1235 1267 1368 1456 1478 1578 2378 2457 2468 2568 3458 3467 3567 
1236 1245 1248 13571378 1467 1568 2347 2358 2567 2678 3456 3468 4578 
1237 1246 1258 1348 1356 1457 1678 2348 2356 2467 2578 3457 3678 4568 
1238 1257 1268 1346 1347 1458 1567 2345 2367 2456 2478 3568 3578 4678 
1247 1256 1278 1345 1358 1367 1468 2346 2357 2368 2458 34784567 5678 
13 : 1234 1235 1267 1368 1466 1478 1578 2378 2457 2468 2568 3458 3467 3567 
1236 1245 1248 1357 1378 1467 1568 2347 2358 2567 2678 3456 3468 4578 
1237 12471268 1346 1358 1458 15672348 2356 2456 2578 34573678 4678 
1238 1256 1278 1345 1367 1457 1468 2346 2357 2458 2467 3478 3568 5678 
1246 1257 1258 1347 1348 1356 1678 2345 2367 2368 2478 3578 4567 4568 
14 : 1234 1235 1267 1368 1456 1478 1578 2378 2457 2468 2568 3458 3467 3567 
1236 1245 1278 1347 1348 1567 1568 2357 2368 2458 2467 3456 3578 4678 
1237 1246 1258 1346 1358 1457 1678 2348 2356 2478 2567 34.57 3678 4568 
1238 1247 1268 13561357 1458 1467 2345 2367 2456 2578 3468 3478 5678 
1248 1256 1257 1345 1367 1378 1468 2346 2347 2358 2678 3568 4567 4578 
15 : 1234 1235 1267 1368 1456 1478 1578 2378 2458 2467 2568 3457 3468 3567 
1236 1237 1245 1348 1457 1568 1678 2358 2468 2478 2567 3456 3467 3578 
1238 1247 1258 1346 1357 1468 1567 2347 2356 2456 2678 3458 3678 4578 
1246 1257 1268 1347 1356 1378 1458 2345 2348 2367 2578 3568 4567 4678 
1248 1256 1278 1345 1358 1367 1467 2346 2357 2368 2457 3478 4568 5678 
16 : 1234 1235 1267 1368 1456 1478 1578 2378 2458 2467 2568 3457 3468 3567 
1236 1237 1245 1348 1457 1568 1678 2358 2468 2478 2567 3456 3467 3578 
1238 1247 1258 1347 1356 1468 1567 2346 2357 2456 2678 3458 3678 4578 
1246 12571268 1345 1367 1378 1458 2347 2348 2356 2578 356845674678 
1248 1256 1278 1346 1357 1358 1467 2345 2367 2368 2457 3478 4568 5678 
17 : 1234 1235 1267 1368 1456 1478 1578 2378 2458 2467 2568 3457 3468 3567 
1236 1237 1248 1358 1457 1467 1568 2345 2468 2567 2578 3456 3478 3678 
1238 1246 1257 1347 1356 1458 1678 2348 2356 2457 2678 3467 3578 4568 
1245 1268 1278 1346 1348 1357 1567 2347 2358 2367 2456 3568 4578 4678 
1247 1256 1258 1345 1367 1378 1468 2346 2357 2368 2478 3458 4567 5678 
18 : 1234 1235 1267 1368 1456 1478 1578 2378 2458 2467 2568 3457 3468 3567 
1236 1237 1248 1358 1457 1467 1668 2345 2468 2567 2578 3456 3478 3678 
1238 1247 1256 1346 1357 1458 1678 2348 2356 2457 2678 3467 3578 4568 
1246 1257 1268 1347 1356 1378 1468 2346 2358 2367 2478 3458 4567 5678 
1246 1258 1278 1345 1348 1367 1567 2347 2357 2368 2456 3568 4578 4678 
19 : 1234 1235 1267 1368 1456 1478 1578 2378 2458 2467 2568 3457 3468 3567 
1236 1237 1248 1358 1457 1467 1568 2345 2468 2567 2578 3456 3478 3678 
1238 1247 1256 1346 1357 1458 1678 2348 2357 2456 2678 3467 3568 4578 
1245 1268 1278 1347 1348 1356 1567 2346 2358 2367 2457 3578 4568 4678 
1246 12571258 13451367 1378 1468 2347 2356 2368 2478 34584567 5678 
20 : 1234 1235 1267 1368 1456 1478 1578 2378 2458 2467 2568 3457 3468 3567 
1236 1237 1248 1358 1457 1467 1568 2345 2468 2567 2578 3456 3478 3678 
1238 12471256 134613571458 1678 2357 2368 2456 2478 3458 3467 5678 
1245 1268 1278 1347 1348 1356 1567 2346 2358 2367 2457 3578 4568 4678 
1246 1257 1258 1345 1367 1378 1468 2347 2348 2356 2678 3568 4567 4578 
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Table 3 (continued). 
21 : 1234 1235 1267 1368 1456 1478 1578 2378 2458 2467 2568 3457 3468 3567 
1236 1237 1248 1358 1457 1468 1567 2345 2456 2578 2678 3467 3478 3568 
1238 1245 1278 1347 1356 1467 1568 2346 2357 2468 2567 3458 3678 4578 
1246 1257 1258 1345 1348 1367 1678 2347 2356 2368 2478 3578 4567 4568 
1247 1256 1268 1346 1357 1378 1458 2348 2358 2367 2457 3456 4678 5678 
22 : 1234 1235 1267 1368 1456 1478 1578 2378 2458 2467 2568 3457 3468 3567 
1236 1237 1248 1358 1457 1468 1567 2345 2456 2578 2678 3467 3478 3568 
1238 1256 1278 1346 1357 1458 1467 2347 2356 2457 2468 3458 3678 5678 
1245 1257 1268 1347 1348 1356 1678 2346 2358 2367 2478 3578 4567 4568 
1246 1247 1258 1345 1367 13’78 1568 2348 2357 2368 2567 3456 4578 4678 
23 : 1234 1235 1267 1368 1456 1478 1578 2378 2458 2467 2568 3457 3468 3567 
1236 1245 1247 1357 1378 1468 1568 2348 2356 2578 2678 3458 3467 4567 
1237 1258 1268 1346 1348 1457 1567 2345 2367 2456 2478 3568 3578 4678 
1238 1246 1257 1347 1356 1458 1678 2347 2358 2468 2567 3456 3678 4578 
1248 1256 1278 1345 1358 1367 1467 2346 2357 2368 2457 3478 4568 5678 
24 : 1234 1235 1267 1368 1456 1478 1578 2378 2458 2467 2568 3457 3468 3567 
1236 1245 1248 1357 1358 1467 1678 2347 2368 2567 2578 3456 3478 4568 
1237 1246 1278 1345 1348 1567 1568 2356 2358 2457 2468 3467 3678 4578 
1238 1256 1257 1347 1367 1458 1468 2345 2346 2478 2678 3568 3578 4567 
1247 1258 1268 1346 1356 1378 1457 2348 2357 2367 2456 3458 4678 5678 
25 : 1234 1235 1267 1368 1456 1478 1578 2378 2458 2467 2568 3457 3468 3567 
1236 1245 1257 1347 1348 1568 1678 2358 2367 2468 2478 3456 3578 4567 
1237 1246 1258 1356 1378 1457 1468 2348 2356 2457 2678 3458 3467 5678 
1238 1247 1268 1345 1367 1458 15F7 2346 2357 2456 2578 3478 3568 4678 
1248 1256 12i8 1346 1357 1358 1467 2345 2347 2368 2567 3678 4568 4578 
26 : 1234 1235 1267 1368 1457 1468 1578 2378 2458 2467 2568 3456 3478 3567 
1236 1245 1248 1358 1378 1467 1567 2347 2356 2578 2678 3457 3468 4568 
1237 1258 1268 1345 1367 1456 1478 2346 2348 2457 2567 3568 3578 4678 
1238 1247 1256 1346 1357 1458 lti78 2357 2368 2456 2478 3458 3467 5678 
1246 1257 1278 1347 1348 1356 1568 2345 2358 2367 2468 3678 4567 4578 
of permutations acting on large sets, we find that any two large sets containing a 
type Q design and four designs of type S are isomorphic if they have 
automorphism groups of the same order. 
Using the information on automorphism groups of design given in Table 2, we 
see that there are 8!/1344 = 30 distinct designs of type Q, 8!/48 = 840 of type R, 
8!/12 = 3360 of type S and 8!/21= 1920 of type T. Similarly there are 8!/12, 8!/4 
and 8!/3 distinct large sets, with groups of orders 12, 4 3 respectively. 
Consider a large set, with group of order 3. A particular design of type Q must 
occur in (8!/3)/(8!/1344) = 448 large sets of this type, and a particular design of 
type S in ((8!/3) X 4)/(8!/12) = 16 large sets of this type. This agrees with the 
results of the backtrack search. 
The remaining results have been cross-checked by similar arguments. 
The 26 classes of large sets are listed in Table 3, and further information on 
their properties in Table 4. In several cases, large sets with the same groups are 
not isomorphic to each other; for instance, there are nine non-isomorphic large 
sets with trivial automorphism group, seven with group of order three, four with 
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Table 4. Automorphism groups, and design types, of the partitions listed in Table 3. 
r- 
Partition 
Number 
1 
2 
3 
4 
3 
12 
4 1 
5 2 
6 2 
7 6 
8 2 
9 3 
10 3 
11 1 
12 6 
13 10 
14 2 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
1 
1 
1 
3 
1 
1 
1 
1 
3 
3 
3 
5 
GKJUP 
Generators 
(1683)( 2475) 
(156)(347) 
(14)(23)(58)(67), (276)(458) 
(1) 
(16)(38)(45) 
(16)(35)(47) 
(12)(38)(47), (162)(457) 
(16)(38)(45) 
(123)(678) 
(127)(456) 
(1) 
(273)(485), (16)(23)(58) 
(37854)) (16)(34)(57) 
(27)(38)(45) 
(1) 
(I) 
(I) 
(165)( 287) 
(J) 
(1) 
(11 
(1) 
(165)( 378) 
(127)( 456) 
(186)(234) 
(I 8564) 
Design 
TYP- 
Q,4S 
Q, 4s 
Q,4S 
2R,2S,T 
R,4S 
3R, 2s 
3R, 2.S 
R,4S 
2R, 3T 
3R, 2T 
R, 2S, 2T 
3R, 2s 
5R 
R, 4s 
45, T 
45, T 
3S, 2T 
2S, 3T 
2S, 3T 
2S,3T 
4S, T 
3S, 2T 
2S,3T 
3S,2T 
3S, 2T 
5T 
group of order two, and two with (non-abelian) group of order six. There are two 
large sets with all designs of the same type, one with all type R, the other with all 
type T. The remaining large sets contain either three different types (two R, two 
S, one T, or one R, two S, two T), or a mixture of types R and S (in six different 
ways), types R and T (in two different ways) or types S and T (in eleven different 
ways). 
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